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We explore the physical consequences of enriching the U(1) order parameter of conventional superconductors
to a more topologically featureful space. As an illustrative case study, we focus on fully spin-polarized triplet
superconductors, which are underlied by the SO(3) d-vector order parameter. We find that a bulk-edge cor-
respondence links the circulation of supercurrent to the bulk magnetic skyrmions, giving rise to fopological
hydrodynamics of magnetic skyrmions. To probe the interplay of charge and spin dynamics, we propose a
blueprint for a spin-triplet superconducting quantum interference device (SQUID), which functions without a
Josephson weak link. The triplet SQUID undergoes nonsingular 4w phase slips, in which current relaxation is
facilitated by spin dynamics that trace out a magnetic skyrmion texture. Inductively coupling the device to a
tank circuit and probing the nonlinear supercurrent response via Oersted field measurements could provide an
experimental signature of ferromagnetic spin-triplet superconductivity. Finally, we develop a general Poisson
bracket formalism to describe the intertwined spin and charge dynamics such that all topological constraints are

preserved, even in the presence of dissipation.
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I. INTRODUCTION

One of the most striking features of superconductivity is
the indefinite persistence of supercurrent in a closed loop,
which is rooted in the topological structure of the underlying
U(1) order parameter space [1-4]. Namely, the homotopic
classification 71 [U(1)] = Z informs us that the phase wind-
ing along a closed superconducting loop is a topologically
protected quantity [4]. Hence, for U(1) superconductors, the
only means for the supercurrent (which stems from the spatial
phase gradient) to relax is via singular phase slip events where
the order parameter locally vanishes and the winding number
is allowed to change [5].

Singular phase slip processes can occur naturally in thin
superconducting nanowires [6,7] or can be facilitated by
weak links used, for example, in a superconducting quan-
tum interference device (SQUID) [8]. The resulting phase
slips give rise to a finite resistance, accompanied by (poten-
tially unwanted) dissipation of energy [5]. Here, we consider
nonsingular phase slips, in which the order parameter does
not vanish. Such processes can occur in superconductors
in which the order parameter space is enriched from U(1)
to a more complex space. Unconventional superconductor
candidates, such as uranium heavy-fermion compounds [9],
bilayer graphene [10-16], and ferromagnet-superconductor
heterostructures [9,17—-19], may host such enriched order pa-
rameters [20-22].

In this work, we focus on ferromagnetic superconductors,
which we phenomenologically describe with hydrodynamic
variables: superconducting winding w(r), spin orientation
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s(r), and charge density p(r). As a case study, we con-
sider a fully spin-polarized triplet superconductor which has
an SO(3) order parameter space. This can potentially be
realized in bilayer graphene as an s-wave, valley-singlet,
spin-triplet superconductor [13—15]. As dictated by the struc-
ture of the underlying d(r)-vector order parameter [23], the
hydrodynamic variables {p, s, w} are intertwined. Continu-
ous (nonsingular) changes in the supercurrent flow can be
facilitated by magnetic dynamics and, vice versa, manipu-
lation of the spin texture can give rise to charge dynamics
[24-28]. Specifically, we find a bulk-edge correspondence
linking the circulation of supercurrent to the bulk magnetic
skyrmions [24,25,29]. As a consequence, such spin-triplet su-
perconductors exhibit topological hydrodynamics of magnetic
skyrmions. These skyrmions can be understood as coreless
vortices [30] that initiate a nonsingular phase slip process.

tank circuit

FIG. 1. Superconducting ring (left) with the spin orientation field
s (red arrows), circulating supercurrent j (green arrow), and the
magnetic flux (blue arrow), coupled to a tank circuit.
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FIG. 2. Sketch of the order parameter d via the orthonormal triad
{ey, ey, s} (left) and the bulk-edge correspondence between supercon-
ducting winding density w and skyrmion charge Q (right).

To illustrate the consequences of this physics, we propose
a minimal setup for a spin-triplet superconducting quantum
interference device (SQUID), shown in Fig. 1. Whereas spin-
singlet SQUIDs require a Josephson weak link, the spin-triplet
SQUID can undergo nonsingular 47 phase slips [5]. Read-
out can be performed by inductively coupling the spin-triplet
SQUID to a tank circuit and probing the supercurrent via
Oersted field measurements [31]. This can motivate a signa-
ture experiment for spin-polarized triplet superconductivity.
Finally, we discuss a more complete dynamical theory based
on Poisson brackets that preserves all topological constraints,
even in the presence of dissipation.

II. ORDER PARAMETER GEOMETRY

The link between charge and magnetic dynamics is rooted
in the structure of the d-vector order parameter. In the minimal
model of a fully spin-polarized triplet superconductor, the or-
der parameter can be expressed as d(r, t) = d(e; + ieg)/ﬁ,
which is a complex vector field of modulus d = +/d - d*. The
orientational degrees of freedom of d are captured by

s=e;xe, w=(Vey)-e. (1)

We infer that s is the spin-orientation field since it satisfies
the spin-commutation algebra (see Sec. IV below). Together
with e; and e, it forms the spatially varying orthonormal triad
{e;, ez, s}; see Fig. 2. In addition, w(r,?) is the supercon-
ducting winding density [32], which tracks rotations of the d
vector about s [33,34]. The orientational degrees of freedom
s and w are the building blocks for our phenomenology. For
more details, see Appendix A.

The superconducting winding w and the spin-orientation
field s are related through Stokes’ theorem. For a two-
dimensional superconducting patch A, we find

w:/ de-wzf dA 04 (s), ®)
dA A

which has been written using the skyrmion density oy (s) =
S - (3xs x dys). Equation (2) establishes a bulk-edge cor-
respondence between the integrated winding W along a
boundary 3.4 and the skyrmion charge O = [ 4 dA g /4T,
see Fig. 2. As a skyrmion traverses the boundary 9.4, there
is a commensurate change in the superconducting winding.
This implies a topological continuity equation for magnetic
skyrmions, 9,05k = —V - j«, Where jgx = s - [9;8 X (z X V)s]
is the skyrmion flux.

We note that the skyrmion continuity equation is also ful-
filled in conventional Heisenberg magnets, which have an $?
order parameter space. In that context, the continuity equa-
tion stems from the bulk homotopy m,(S?) = Z, rather than
from a Stokes’ theorem [35]. Therefore, those skyrmions are
local objects that may fluctuate in and out of existence if the
order parameter is allowed to vanish locally [36]. In contrast,
spin-triplet skyrmions do not follow from such an absolute
homotopy since m>[SO(3)] = 0. Instead, we topologically
classify them using the relative homotopy 7>[SO(3), U(1)] =
Z, in which the bulk of the real-space domain (homeomor-
phic to a disk) can explore the full order parameter space
SO(3), while the boundary is restricted to U(1) [37-39], i.e.,
rotations of e; and e, about a fixed s. Therefore, the spin-
triplet skyrmions are inherently nonlocal objects determined
by the winding on the boundary and cannot be removed by
local surgery. This signifies that the skyrmions are coreless
vortices [40] that can exhibit long-range interactions [41] and
go hand in hand with nonsingular phase slips. A more formal
discussion of the relative homotopy and coreless vortices can
be found in Appendix B.

By driving a skyrmion flux transverse to an arbitrary
one-dimensional loop C (which may not necessarily be a
boundary), the superconducting winding can be tuned to ar-
bitrary values, a mechanism employed in Ref. [25]. This is
captured by §W = [dr [, d€ ju, where jg =s- (3, X 9;8)
is the skyrmion flux directed towards the center of the loop,
with £ being the arc length. Fully moving a skyrmion across
the loop completes a 47 nonsingular phase slip. Formally,
these nonsingular phase slips are smooth deformations of the
d-vector field which preserve the topological sector of C, clas-
sified according to the edge homotopy 77;[SO(3)] = Z, [42].
When the spin texture is uniform along the loop, we recover
integer-valued winding of the superconducting phase, such
that W/2r € Z. The two aforementioned topological sectors
correspond to the even and odd multiples of 27 winding [43].

III. SPIN-TRIPLET SQUID

The nonsingular phase slips rooted in the bulk-edge corre-
spondence of Eq. (2) can be leveraged to devise the spin-triplet
SQUID, which functions without a Josephson weak link. For
this, we consider a one-dimensional superconducting ring of
length L threaded by external axial magnetic flux localized
within the ring (shown in Fig. 1). For the simplest model, the
free energy F is constructed in terms of the soft modes, spin
orientation s, and winding density w = e; - d¢e;, as

F = | de i‘(a )? L( q—AZ>2 3)
[S’w]_/ RS\ T e ) |

where, for the moment, we suppress the dependence on charge
density (per unit length) p. The first term is the spin ex-
change energy with spin stiffness A. The second term is the
superconducting winding energy, with yx,, being the winding
compressibility and ¢ = —2e being the Cooper pair charge.
Minimal coupling of the superconducting winding
to the magnetic vector potential A, gives rise to the
gauge-independent supercurrent, j = —cds,F = (q/hixy)
(w—qA;/hc). Assuming that the current fulfills the
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incompressible continuity equation 9d,j =0, we find that
integrating the supercurrent along ¢ and applying Stokes’
theorem yields

j= _E f 084, F = joW/21 — ®/Dg),  (4)

where jo =2mq/hiy,L is the characteristic current, ® is
the externally applied magnetic flux ® = ¢ d¢ A, and &y =
2mfic/q is the magnetic flux quantum [31,44,45]. The winding
W and, hence, the current j depend on the spin texture, which
is rooted in the bulk-edge correspondence of Eq. (2). Thus,
W /4m can be understood as a fictitious skyrmion number. We
will aim to use the magnetic flux @ as a handle to control the
supercurrent and trigger the nonsingular phase slip process,
thereby driving skyrmion injection across the SQUID.

A. Adiabatic evolution

For a sufficiently slowly varying magnetic flux, the
response of the spin texture and supercurrent may be well-
approximated by the adiabatic evolution, which tracks the
minimum of the free energy. Anticipating that the ground-
state free-energy density is spatially homogeneous, we take
an ansatz that the superconducting winding density w is con-
stant, and the spin s uniformly sweeps out a cone / times
around z as we move along ¢, shown in Fig. 1. Such a tex-
ture {e;(£), ex(£), s(£)} can be constructed by starting with a
uniform triad {x, y, z} and applying the ¢-dependent rotation
R(z, 9)R(y, 0)R(z, ), where the Euler angles 6 and ¢ =
2ml¢/L describe the polar and azimuthal angle of the spin
texture s(¢), respectively. In addition, v = —2n(n +1)¢/L
corresponds to the intrinsic rotation of the triad around s(£).
Then, the integrated winding is given by

W) =2n[n+1I(1 —cosH)], )

so that n describes the multiples of 27 winding at 6 = 0.
Sweeping 6 from 0 to m injects [ skyrmions across the one-
dimensional loop, which facilitates a nonsingular phase slip
of 4rml.

Inserting the ansatz into the free energy of Eq. (3), we
obtain Fyy (P, 0) = Lij(P, 0)?/2 + JI* sin®> /2. The depen-
dence on @, n, and / enters through j from Eq. (4) and W from
Eq. (5). Here, L; = x,L#*/q? is the kinetic inductance and
J = 472A/L is the characteristic exchange energy. Similarly,
Lij§ is the characteristic superconducting winding energy.
For this discussion, we focus on the winding-dominated limit
Kk =J/L; jg < 1, which is also the stability condition for our
ansatz. See Appendix C for a thorough analysis of the spin-
triplet SQUID in the exchange-dominated « > 1 regime.

In a more complete model, the magnetostatic energy must
also be accounted for. The predominant contribution to this
energy arises from the Oersted field produced by the supercur-
rent. This can be included in F,; by the simple replacement
Ly — Ly + Ly, where L, is the geometric inductance of the
ring. Hence, the generated Oersted field favors the limitx < 1.
A less significant contribution is the magnetic field from the
dipoles, which can be small compared to the Oersted field if
the circumference L is much larger than the width of the ring
[46].

B. Nonlinear response

Using the adiabatic evolution, the nonlinear response of
the SQUID to the magnetic flux is determined by the ground-
state spin texture 6,, which fulfills 99 F,,;(6, ®)|p=g, = O and
892]-',11(9, ®)|g—=p, > 0. This yields three potential solutions,
6,=0,0, =m,and

9, = cos™! |:—n +i- ¢/¢0:| (6)
¢ a—-r |

out of which only one is the unique ground state for a given
value of n, [, and ®. Once the equilibrium spin polar angle 6,
is determined for a given magnetic flux ®, the supercurrent
follows directly from Eq. (4).

As a concrete example (see Fig. 3), we initialize a system
with @ = 0 (A) in the even topological sector with YW = 0 so
that the ground state has zero supercurrent, j = 0, and the spin
texture is uniformly aligned along sgp = z with 8, = 0. As the
magnetic flux & is increased, negative supercurrent builds up
as a diamagnetic response until it reaches the maximum value
—J™ = —k jo at the critical flux « ¢ (B). Here, the spin tex-
ture with 6, = 0 becomes unstable. Upon further increasing
®d, it becomes energetically favorable to relax the supercur-
rent by changing the spin winding from / =0 to/ =1 and
to initiate a nonsingular phase slip; see Fig. 3(c). The polar
angle 6, sweeps from the north pole 6, = 0 (B) to the equator
0, =m/2 (C) to the south pole 8, = m (D) [see Fig. 3(d)],
whereupon the spin texture on the ring has traced out a full
positive skyrmion charge at (2 — k)®q [see Fig. 3(e)]. This
completes a nonsingular 47t phase slip of the superconducting
phase such that W = 4, bringing the supercurrent to + j™*.
Now, the diamagnetic response of the superconductor repeats
until —j™* is reached at the critical value (2 4 k)®g (E).
At this point, the sweeping reverses from 6, =m to 6, =0
(F) with a magnetic winding / = —1, which, again, traces out
one full positive skyrmion charge at (4 — x)®y [see Fig. 3(f)],
engendering a second nonsingular 47 phase slip so that the
winding becomes VW = 8m. This pattern repeats with peri-
odicity 4®y. We remark that without Zeeman or spin-orbit
coupling, the free energy in Eq. (3) is invariant under global
rotation of s. Hence, the magnetic flux-induced switching can
happen between arbitrary antipodal points sy and —s.

In the spin-triplet SQUID, the response of the supercurrent
to the magnetic flux is nonlinear even without a Josephson
junction, as seen in Fig. 3(b). While the electric current’s
sawtooth behavior [31] is reminiscent of the current response
in the Little-Parks effect in U(1) superconductors [47], the
current of the triplet superconductor relaxes continuously
via nonsingular phase slips rather than singular phase slips.
This gives rise to distinct falling and rising edge slopes,
—j" Dok and j™*/Po(1 — k), respectively, which, along
with the 2@ periodicity in the magnetic flux [24,31], is an in-
dicator of triplet superconductivity. Singular phase slip events,
on the other hand, would relax the superconducting winding
by 27 and are distinguishable from the nonsingular phase
slips since they halve the flux periodicity to @ [31]. The
supercurrent response could be measured by an inductively
coupled tank circuit, operating analogously to the readout of
the U(1) rf SQUID [31,48].
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FIG. 3. (a) Plot of the energetic minimum 6, as magnetic flux & is varied. Gray dashed lines indicate different integer values of 47 winding
W. (b) Plot of the normalized spin current j,/j"* (red) and electric current j/j™* (green) as a function of . (c) Depiction of switching from
Foo to Fop as the critical magnetic flux « @y is reached. Dashed lines represent Jo(®P, 8) and solid lines represent Fo; (P, 6). (d) Evolution
of the free energy Jy,(®P, 0) during the nonsingular phase slip. In (c) and (d), opaque red dots mark the ground state and the translucent red
dot marks the unstable fixed point. (a)—(d) are plotted with k = 0.3. (e) and (f) depict positive skyrmion charge swept out by the spin texture
s (red arrows) on the ring as 6, traverses from 0 to 7 and 7 to 0. (e) / = 1 spin winding; (f) / = —1 spin winding. Green arrows indicate the
superconducting phase winding of e, around s corresponding to (e) VW = 4x and (f) W = 8.

Besides a charge supercurrent, the triplet superconductor
also sustains a spin current j; = hjs,/q — AZ - (S X 3¢S) po-
larized in the z direction, where the first and second terms
describe spin advection by the superflow and a spin current
due to the noncollinear texture, respectively [49,50]. At equi-
librium, the electric and spin currents are related by

J/]s = (Q/Fl) cos 0., (7)

which follows from Egs. (4)-(6) and holds for all values of
®. We find that the spin current exhibits an oscillatory behav-
ior with periodicity 4®, twice that of the supercurrent; see
Fig. 3(b). Furthermore, the spin current is at a maximal value
of +/j™* /q during the nonsingular phase slip and changes
values only when the spin texture is collinear.

IV. DISSIPATION

For a more complete treatment, we include dissipation of
the triplet superconductor due to, e.g., Gilbert damping and
Joule heating of the normal electrons. To this end, we choose
the noncanonical degrees of freedom, X = {p, s, w}, where
we have reincluded the charge density p to account for both
superconducting and normal electrons. When constructing the
equations of motion, we must make sure that the dissipa-
tive terms preserve $W = [ dr § d€ jy, which is rooted in
the topological bulk-edge correspondence. Furthermore, they
must maintain the spin length, s> = 1, and obey charge con-
servation. To this end, we propose a variant of Hamilton’s

equations [51,52],

XL, 1) = Zfdﬁ’{X,-(E,t),Xj(l’,t)}{g’j(ﬁ’,t). (8a)
J

Here, we have defined the generalized force,
§ = xFIX] + 8¢ RIX], (8b)

to be the sum of the nondissipative force stemming from the
free energy F and the dissipative force, which is derived from
the Rayleigh functional R. The latter is constructed in accor-
dance with the second law of thermodynamics and Onsager
reciprocity.

Formally, the structural invariants detailed above cor-
respond to Casimir invariants. Remarkably, Eq. (8) will
maintain all such Casimir invariants for a generic Rayleigh
functional R[X] constructed from velocities X. In contrast,
a dissipation functional R[§x F] constructed from thermody-
namic forces §x F [52] may no longer conserve these Casimir
invariants [53]. The details of this construction are discussed
thoroughly in Appendix D.

Once the Poisson brackets, the free energy, and the
Rayleigh functional are specified, the equations of motion nat-
urally follow. To derive the Poisson brackets, we first assume
zero temperature and use {d}(€),d;({)} =i8;;6(¢ —£')/h
and {d;(¢),d;(¢')} =0 [24], which can be motivated
from a microscopic theory; see Appendix E. We find
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[24,54]
{si(0), 5;(£)} = €ijpsi (L — £')/s, (%a)
{w(@), p(')} = —qd8(€ — £)/h, (9b)
{w(),s(")} = qdes8(¢ — £')/hp, (9¢)

where all other Poisson brackets of p, s, and w evaluate to
zero. Here, we have used the zero-temperature identifica-
tion of s = hid” as the saturated spin density and p = gd>
as the charge density. However, we expect these results to
qualitatively hold for finite temperatures, where s and p are
promoted to total spin and charge densities, respectively, and
include both normal and superconducting contributions. For
a fully spin-polarized superconductor, we retain the relation
s = lip/q. The nuances of this generalization are discussed in
detail in the last paragraph of Appendix E. Equation (9a) is
the usual spin algebra, Eq. (9b) establishes the charge den-
sity as the generator of phase rotations, identically to a U(1)
superconductor, and Eq. (9c) captures the linkage between
superconducting winding and spin texture.

The free energy is given by Eq. (3), with the addition of
the nonelectrostatic contribution [ d¢ (p — 00)%/2x., where
Xc is the charge compressibility. In the Weyl gauge, the
electrostatic contribution is absent and the nonelectrostatic
contribution captures small fluctuations of p away from the
equilibrium charge density py. Moreover, the Rayleigh func-
tional is constructed from the gauge-independent velocities
o;s and 0;(w — gAg/hc),

{as R a[ (hw Ag>:|2}
R:/dZ —@s)’+=|a(—-=)] . a0
2 2 q c

The first term corresponds to Gilbert damping with damping
coefficient o and the second term describes Joule heating with
conductivity o. Using Egs. (8)—(10), the equations of motion
are

0rp = —0,J, (11a)
;s =8 X Her — s X 9,8 — Jogs/p, (11b)
hw = —qdgpu/h + jek, (11c)

and have been written using the constitutive relation

J=j+0&, where & =F;,— o+ hjsx/q. (12)
Here, Hf = —6sF /s is the effective magnetic field and
u =38,F is the chemical potential. The equations of mo-
tion describe the charge continuity equation in Eq. (11a), the
Landau-Lifshitz-Gilbert equation in Eq. (11b), and the rate
of change of winding in Eq. (11c) which corresponds to the
spin-triplet version of the first London equation [25]. From
the charge continuity equation (11a), J = —c8s, F — ¢84,R is
identified as the total charge current, which is driven by the
electromotive force £. The latter has contributions from the
electric field E, = —09,A,/c, the gradient of u, and the motive
force due to a transverse skyrmion flux directed towards the
center of the loop, ji. Furthermore, the motive force from
Jsk 1s Onsager reciprocal to the adiabatic spin-transfer torque
on the spin orientation s; see Eq. (11b) [55,56]. Remarkably,
there is no term in either the free energy or the Rayleigh
function that couples the spin texture and the charge current.

Rather, these cross couplings appear due to the nontrivial
Poisson bracket in Eq. (9¢), which encodes the advection of
spin by the superflow [52,54]. Finally, the equations of mo-
tion can be straightforwardly generalized to three dimensions
(3D); see Appendix F.

In this construction, the topological relation §W =
[ dr § d¢ ji holds even in the presence of dissipation. This
can be seen by integrating Eq. (11c) along the 1D loop.
Moreover, freezing out magnetic dynamics so that jy = 0
restores the conservation of superconducting winding, i.e.,
winding satisfies the continuity equation d,w = —0dyj,,. Here,
the winding flux is given by j,, = —e; - 9;e; and can be iden-
tified with gdguu/h upon comparison with Eq. (11c). On the
other hand, if ji # 0, the magnetic dynamics can induce
nonsingular phase slips in the winding, which is the key
mechanism used in the SQUID device. We note that in 2D
and 3D spin-triplet superconductors, the natural topological
charge carriers are skyrmions and hopfions, respectively, as
discussed in Appendix G.

Finally, a linearized analysis of Eqs. (11) confirms the
stability of our ansatz for adiabatic evolution in the « < 1
regime. In contrast, for the ¥ > 1 regime, the texture discon-
tinuously switches between the antipodal fixed points =£s,
and the current exhibits a sawtooth response. Furthermore,
in both regimes, the onset of instability of the collinear spin
texture coincides with the initiation of the nonsingular phase
slip. The details of this linearized analysis are presented in
Appendix H.

V. DISCUSSION

Our work scaffolds a conceptual framework for under-
standing the phenomena that arise when the U(1) order
parameter space of a superconductor is enriched. For the
example of a fully spin-polarized triplet superconductor, we
found that the topological structure of the SO(3) order pa-
rameter space is reflected by the bulk-edge correspondence of
Eq. (2), which facilitates topological hydrodynamics of mag-
netic skyrmions that are inherently tied to the superconducting
winding. Continuously moving a skyrmion through a loop
engenders a nonsingular phase slip, signifying the passage of a
coreless vortex [30]. To motivate future experiments and tech-
nologies, we leveraged this physics to devise the spin-triplet
SQUID, which functions without a Josephson weak link.

Similar physics can arise in dipole-locked *He -A, which
has an SO(3) order parameter intertwining orbital angular mo-
mentum with phase winding [4,40,57-59]. By analogy to the
spin-triplet SQUID, nonsingular phase slips could be used in
a superfluid *He-A quantum interference device (SHeQUID).
While current versions of the SHeQUID are based on “He
and *He -B and function with singular phase slips [60], non-
singular phase slips could obviate the need for a Josephson
weak link, while still allowing a rotation sensor modality.
Moreover, based on general symmetry grounds, we expect that
a similar phenomenological theory describes superfluids in
which phase winding coexists with a local angular momentum
density. Namely, Egs. (8)—(12) are valid independent of the
SO(3)-specific Mermin-Ho constraint; see Eq. (2). The latter
is encoded by the initial conditions and preserved by the
equations of motion. For example, our theory might apply to
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the B phase of *He [61] or to spin-polarized triplet excitonic
insulators, the latter of which may have been experimentally
realized in Ref. [62].

For future works, a similar analysis could also be applied
to other enriched superconducting order parameter spaces M.
Borrowing the language of algebraic topology, we conjecture
that coreless vortices are allowed if 77,[ M, U(1)]/kerd = Z;
see Appendix B [37]. Here, kerd is a subgroup of
o [M, U(1)] classifying topological defects that have zero
phase winding around the boundary, but a potentially nontriv-
ial M texture in the bulk. Modding out such bulk textures, the
quotient group classifies the remaining nonsingular textures
via the boundary winding. This allows for a bulk-edge cor-
respondence that gives rise to topological hydrodynamics of
coreless vortices that can initiate nonsingular phase slips.
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APPENDIX A: ORDER PARAMETER

We are interested in smoothly varying textures of an SO(3)
order parameter that is described by the complex vector field
[23,25,63,64]
¢ ®ley(r) +iex(r)],

d(r) (AD)

d(r)

2

where ¢(r) is the superconducting phase, d(r) = vd* - d is

the modulus of the order parameter, and the real vectors e; and

e, are orthonormal, e, - e, = §,5. From the order parameter,

we can derive the hydrodynamic variables spin orientation s
and superconducting winding w via

id x d*
s = e = e xXe (A2)
and
1
wi = ——(d"-3;d—d-3d*) =0¢+e -0;e, (A3)

2id?
where the second term takes the role of a connection. For
generality, we consider 3D with i € {x, y, z}, noting that the
1D and 2D cases follow straightforwardly.

Importantly, the d vector fulfills the residual symmetry

¢ R(s, x)d =d, (A4)

that is, a combination of a local phase transformation with a
commensurate local rotation around s leaves the order param-
eter unchanged. This has been used in Sec. II in order to make
the gauge choice of ¢ = 0, so that the triad {e;, e, s} fully
captures the orientational degrees of freedom and the winding
w is identified with the connection in Eq. (1).

Assuming the order parameter does not vanish anywhere,
d # 0, we obtain the Mermin-Ho relation,

(VW) = G’Tfks (338 % 3j8), (A5)
where the term on the right-hand side is the skyrmion density.

Formally, the emergence of an M = SO(3) order pa-
rameter space can be discussed via spontaneous symmetry
breaking [24,57]. To this end, we assume that the free energy
is invariant under G = SO(3)s x U(1), describing SO(3)s
spin rotations and U(1)4 phase transformations. Assuming
negligible spin-orbit coupling, orbital degrees of freedom are
disregarded. In the fully spin-polarized triplet state, the total
symmetry G is broken, but we maintain the residual symmetry
H = U(1),,44 of joint spin rotations and phase transforma-
tions, captured by Eq. (A4). Thus, the order parameter space
is given by

SO3)s x U(1),
Uy, +¢

This symmetry analysis is similar to that done for the A phase
of superfluid 3He [57].

M =G/H = = S0(3)s,¢- (A6)

APPENDIX B: CORELESS VORTICES

Enriching the order parameter in superconductors from
U(1) to M D U(1) can give rise to interesting topological
hydrodynamics. In particular, it allows for coreless vortices
that can trigger nonsingular phase slips. The spin-triplet
skyrmions studied in the main text are examples of such
coreless vortices for M = SO(3). In general, to predict if an
enriched superconductor is capable of hosting such coreless
vortices in two dimensions, we use the relative homotopy
m[M, U(1)] [37], which studies homotopy classes of maps
(D?,dD?) — [M, U(1)], where D? is the two-dimensional
disk and dD? its boundary. The long exact sequence of group
homorphisms provides a useful tool to relate the relative
homotopy 7[ M, U(1)] to the better-known bulk homotopy
7, (M) and edge homotopy 7 [U(1)],

o (M) B M UM S 7 [U()] = - . (B])

The first group homomorphism j, is constructed by view-
ing the absolute maps S* — M of (M) as relative maps
(D?, 0D?*) — (M, xo) of m[M, U(1)], where the boundary
dD? is collapsed to the basepoint xo € U(1). The second group
homomorphism is the boundary map 9, which simply ignores
the M texture in the bulk and outputs the homotopic classi-
fication of the U(1) texture on the edge. As the sequence is
exact, it is guaranteed that im j, = ker 4. Importantly, we can
understand im j, and ker d as the subgroup of ;[ M, U(1)]
classifying topological defects that have zero phase winding
around the boundary, but a potentially nontrivial M texture in
the bulk.

Now, we are equipped to formulate our conjecture for the
existence of coreless vortices. In other words, we want to
prove the existence of two-dimensional topological defects
classified by m[M, U(1)] that fulfill a bulk-edge corre-
spondence. Namely, they are classified by m;[U(1)] on the
edge of the disk. To quotient out the edge-independent bulk
topological defects described by im j,, we suggest that the
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FIG. 4. Magnetic and current response of the spin-triplet SQUID in the ¥ > 1 regime. (a) and (b) are plotted for ¥ = 3 and K/L; j3 = 0.
(c) The free-energy landscape during the nonsingular phase slip in the ¥ > 1 regime, where F,;(6, ®) is identical to the definition used in the
main text. Opaque red dots mark the stable fixed point and the translucent red dot marks the unstable fixed point. (d) Current response to a
magnetic flux, contrasting the case of singular phase slips, nonsingular phase slips, and no phase slips allowed. The purple and green dashed

lines indicate discontinuous jumps of the current.
criterion is
[M, U)]/im j, = Z. (B2)

If the integer numbers Z survive this group quotient, there
are coreless vortices that can be extensively built up. This
can be further shown by using im j, = kerd and the group
isomorphism 7,[ M, U(1)]/ker 9 = im 9. Note that the latter
is simply an application of the fundamental theorem on group
homomorphisms. Then, we can define the more refined con-
jecture that for

imo =nZ7Z < m[U()], (B3)

withn = {1, 2, ...}, the superconductor can host coreless vor-
tices with elementary topological charge of +27n winding.
For a given n, a finite winding W € 27 n Z on the boundary
can be realized by coreless vortices in the bulk. In order to
evaluate im 9, it might be helpful to extend the long exact

sequence via m[U(1)] = w1 (M) — -, where i, is the in-
duced map from the inclusion i : U(1) < M. Then, we can
use that im d = ker i, and evaluate the latter. Hence, the ques-
tion becomes: Which loops with winding W € 27 Z in U(1)
become trivial when included in the enriched order parameter
space M?

For the case of a fully polarized spin-triplet super-
conductor with M = SO(3), we have no nontrivial bulk
topological defects in two dimensions, 7,[SO(3)] = 0, but the
relative homotopy is 7,[SO(3), U(1)] = Z (following from
1,[SO3), U(D)] = m2(S?) through fibration [37]). Hence, the

group quotient by im j, = 0 yields
m[SO@3), U(D)]/im j, = Z. (B4)

We conclude that spin-triplet superconductors can host core-
less vortices that can be extensively built up. By studying the
induced inclusion map i, from 1[U(1)] = Z to 7;[SOQ3)] =
Z,, we infer that only even winding numbers become trivial
under inclusion, keri, = 27Z. Hence, with Eq. (B3), the ele-
mentary topological charge of these coreless vortices is 4,
in accordance with the spin-triplet skyrmions studied in the
main text.

APPENDIX C: SQUID ANALYSIS IN
EXCHANGE-DOMINATED REGIME

Here, we discuss the exchange-dominated « > 1 regime of
the SQUID. For the energetic analysis, we use the free energy
of the 1D ring

[ 2 Lo o K

Fu(®,0) = ELk](q)’ 0) + EJZ sin“ 0 — Ecos 0, (Cl)
where we added the easy-axis anisotropy term with K >
0 and j(®,0) = jo[n + (1 —cosf) — ®/Dy] is the current
evaluated from Egs. (4) and (5). In contrast to the winding-
dominated x < 1 regime discussed in Sec. III, the only stable
(or metastable) states are collinear with 6, =0 or 6, = 7.
Hence, the magnetic texture exhibits a square wave response,
switching discontinuously between these two states, which is
reflected in Fig. 4(a).
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In Figs. 4(a)-4(c), we initialize the system so that the spin
texture is collinear with 6, = 0 and the magnetic flux as well
as the current is zero (A). As the magnetic flux is increased,
the current shows a diamagnetic response; see Fig. 4(b).
The collinear spin texture with 6, = 0O stays stable up until
® = P, where the texture becomes metastable; see Fig. 4(c).
Then, at the critical flux value (B) of

K
P, = (K + _>q>0,
k]o

the texture becomes unstable. At this point, the current reaches

— j™¥_ with the maximal magnitude given by

(C2)

-max __ - q) _ 7 K .
JT=Jo®c/Po = jo|k + —5 |s (C3)

Ly jy

see Fig. 4(b). Here, the easy-axis anisotropy K stabilizes the
collinear spin texture, thus requiring a higher magnetic flux,
and hence a higher maximal current, before we reach an
instability.

Once the collinear spin texture with 6, = 0 destabilizes
(B), a “runaway” nonsingular phase slip initiates (B — C),
during which the magnetic texture passes through a skyrmion
and switches to the new ground-state magnetic texture at
6. = (C); see Fig. 4(c). As a result, the current relaxes
(increases) by

Aj = 2jols, (C4)
where [, is the absolute value of the spin winding. For
K =0, an energetic analysis suggests that /[, = 1 and, for
K # 0, we find that [, satisfies L, (I, — 1) < K/J < L.(l, + 1).
Hence, during the nonsingular phase slip, the magnetic texture
“passes through” [, number of skyrmions to lower the free
energy. Further increasing the magnetic flux, the diamagnetic
response decreases the current back to —;j™¥*, whereupon
the process repeats with periodicity 2®gl,. For [, = 1, the
periodicity is the same as in the main text.

Since the spin texture is always collinear, the spin cur-
rent stems entirely from spin advection by the superflow. In
Fig. 4(b), the spin current (red line) is given by j; = +hj/q,
where the sign depends on 6,; see Eq. (7).

Finally, we discuss the charge current response of the
triplet superconductor when singular phase slips are also al-
lowed; see Fig. 4(d). Without either singular or nonsingular
phase slips, the diamagnetic current response is linear (blue
line). By including the nonsingular phase slips (green line),
the average current (dashed line) is nonzero, as it can only
relax by Aj once it becomes energetically preferred to distort
the spin texture to pass through skyrmion charge. In contrast,
if singular phase slips are allowed (purple line), the average
current becomes zero. In addition, the periodicity is reduced
from 2®yl, to g as is Aj from 2 jyl, to jo.

APPENDIX D: DISSIPATION

Here, we describe how dissipation can be included in the
equations of motion while still maintaining certain topological
constraints encoded in Casimir invariants. For a noncanonical
system of fields X = {Xj, X5, .. .}, we can describe the nondis-

sipative dynamics using Hamilton’s equation,

Xi(r,1) = {X;(r,1), F} = /dV/J,»j(r, r') (D1)

8X;(r' 1)’
where we consider 3D with r = (x,y,z). The 1D and 2D
equations follow analogously. From here on, we assume
the convention of Einstein summation over repeated in-
dices. We also introduce the Poisson operator as J;;(r, ') =
{Xi(r, 1), X;(x', )} and F[X] is the free-energy functional.

1. Casimir invariants

We stress that once the fields X and their Poisson brackets
are defined, noncanonical Poisson brackets can give rise to
Casimir invariants Q. We distinguish between local Casimir
invariants Q(r) given by a local function of the fields X at
point r and global (or integrated) Casimir invariants Q[X]
given by a functional. Local Casimir invariants fulfill

Q(r) = {Q(r), F}
/dV/ qur 2= 8Q(1') U( l'”)L:O,
3Xi(r', 8X;(r",t)
(D2)
for arbitrary free-energy functionals F. This requires
N / SQ(I') (v W) —
{Q(r), X;(r")} = /dV —(SX,-(r/,t)J"’(r’r )=0, (D3)

which immediately yields zero in Eq. (D2). Hence, whenever
such Casimir invariants exist, the Poisson operator J;;(r, r’)
has a finite kernel, and hence, J;;(r, r’) in Eq. (D1) cannot be
inverted. This will become crucial when we include dissipa-
tion below. Global Casimir invariants, on the other hand, fulfill
the weaker version of a conservation law,

QIX] = {Q[X], F}
=/ dV// dV”%JU-(r’,r )L
A A 8Xi(r', 1) 8X;(r", 1)

where we allow a current /o], 4 at the boundary 3.4 of some
region A. This conservation law holds for arbitrary free ener-
gies F if

Iolsas
(D4)

, 8QIX]

SX.(r )J,j(r ,r’)

(QIX], X, (")} = /

= /dV/V/ -K;(r',r"), (D5)
for some local vector kernel K;(r’, r”). For this vector ker-
nel, we can define jo(r) = _fA dV’K;(r, r’)% as the
current density, for which we find that Ig|s4 = — f 4dvv.
Jjo(r). We stress that both local and global Casimir charges Q
derive from the Poisson brackets rather than from symmetries
of the free energy F. Thus, they are distinct from conserved
Noether charges.

As a first educational example of a local Casimir invari-
ant, we consider a magnet with X = {s,, s,, s;} describing
the spin orientation s with constant spin density s. The non-
canonical Poisson brackets fulfill J;;(r, 1) = {s;(r), s;(r")} =
€;kskd(r —r’)/s, which generates the equation of motion,
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§ = —s x 85 F/s. For the local Casimir invariant Q = s, one
can easily verify Eq. (D3). Hence, Q is conserved regardless
of the free energy F.

As a second educational example of a global Casimir
invariant, we consider a superconductor with X = {p, w} de-
scribing the charge density p and the winding density w of
the superconducting phase. The Poisson brackets are given
by {w;(r), p(r')} = —qd;8(r — r’)/h. For the global Casimir
invariant Q = [ dV p (total charge), we can immediately ver-
ity Eq. (D5), where K;(r', ") = g e;6(x' — r”)/h. In its local
form, we obtain the continuity equation p = —gV - §,F/h.
Thus, by construction, charge is conserved up to boundary
terms, where a current can be injected.

2. Q-conserving dissipation

For dissipation to conserve the Casimir invariants Q, we
propose the following equations of motion:

SFIX]
83X (r', 1)

SRIX]
8X;(r', 1)

X,(r,1) = / dv'Jy (r, r/)[ } (D6)
where the Rayleighian is constructed as a bilinear functional
of the velocities,

RIX] :[dV/dV’%Xi(r,t)R,-j(r, )X;(r',1). (D7)

Here, R;j(r,1") = R;;(r’, 1) is a local kernel that can depend
on the fields X. Note that by construction, the dissipation in
Eq. (D6) cannot violate the conservation of Casimir invariants
Q as long as either Eq. (D3) or Eq. (D5) is fulfilled.

Coming back to our example of the magnet, any
Rayleighian constructed from velocities R = R[S] (for exam-
ple, Gilbert damping) will generate the equations of motion,
§ = —s X (8sF + 8sR)/s, where it can be easily seen that the
local Casimir invariant Q = s? is still conserved.

Similarly, for the example of the superconductor, any
Rayleighian R = R[p, W] (for example, Joule heating) will
not break the charge conservation law, as it gives rise to
p =—qV - 6w F + 6wR)/A.

3. Q-nonconserving dissipation

If we want to include dissipation that breaks the conser-
vation law of Casimir invariants Q, we have to use the more
general version of the equations of motion given by [52]

SRIf]
Sfi(r,t)

Here, the Rayleighian R[f] is constructed as a functional of
the forces f = dx.F thermodynamically conjugate to X,

X,‘(I', t) = / dV/Jij(I', r’)fj(r', t) — (DY)

RIf] = /dV/dV’%f;(r,t)Lij(r, r)fi', 1), DY)

where L;;(r, ') = L;;(r’, r) are dissipation coefficients. Cru-
cially, this force construction R[f] is not equivalent to the
velocity construction R[X]. Namely, as discussed above,
whenever Casimir invariants Q are present, the Poisson op-
erator J;;(r, r’) is not invertible in Eq. (D1) to write the forces
f as a functional of the Veloci.ties X. However, it is always
possible to express velocities X in terms of forces f. Hence,

when the functional depends implicitly on the forces through
velocities, R[f] = R[X(f)], we can use the chain rule,

CSRIX(D)] /dV,axj(r’,r) SRIX]
Sfi(r,t) 8fi(r,t) 8X;(r',t)
SRIX]
8X;(r', 1)
SRIX]
8X;(r', 1)

~ —/dV/in(l‘/,I‘)

= /dV/Jij(r, r’) , (D10)
and retrieve the Q-conserving dissipation of Eq. (D6). In the
second step, we have reinserted the equations of motion and,
for simplicity, neglected higher orders in dissipation. In the
third step, we use the antisymmetry of the Poisson operator,
Jj,'(l',, I') = —J,'j(l', l‘/).

For our example of a magnet, it is easy to construct a
Rayleighian from thermodynamic forces that breaks the lo-
cal conservation law of Q = s2. For example, using R =
[ dVns £,2/2 with dissipation coefficient 7, the equations of
motion would be § = —s x f5/s — nsfs. Here, fg can have
components along s, so Q is allowed to change. We re-
trieve Landau-Lifshitz damping (which conserves Q) by using
R = [dVns(s x £5)?/2, where we project out the components
of f parallel to s.

Similarly, for our example of a superconductor, if we used
a Rayleighian constructed from the thermodynamic forces,
R = [dVn, f3/2 with dissipation coefficient ,, a violation
of charge conservation would be possible, p = —¢V - fy/h —
NpJp-

4. Onsager symmetry

When constructing the Rayleighian, we have to respect the
second law of thermodynamics and microscopic reversibility.
The former prescribes that L;; and R;; must be positive-
semidefinite matrices. The latter is manifest as Onsager
reciprocity [65], which relates the coefficients via

Lij(r,r') = €;¢T[L]i(r', 1), (D11)

where 7T is the time-reversal operation. Thus, 7[L];; trans-
forms all (external and internal) fields that might be included
in Lj;. In addition, 7X;] = ¢;X; defines the parity & = %1
under time reversal. Note that this relation ensures that the
Rayleighian is even under time reversal,

TIRIF]] = /dV/dv/%fj(r/,t)ejeiT[L]ji(r/,r)f,-(r,t)
= R[f], (D12)

where we used that 7[f;] = ¢;f; since f; = 8x,F and T[F] =
F. Hence, a Rayleighian that is Onsager symmetric has to be
even under time reversal. An analog statement holds for the
Rayleighian as a functional of velocities, T[R[X]] = R[X],
where R;; also fulfills the Onsager relations (as does the Pois-
son operator J;;).

APPENDIX E: POISSON BRACKETS

Here, we microscopically motivate the Poisson brackets of
the d vector and discuss the resulting Poisson brackets of the
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hydrodynamic variables {p, s, w} in 3D, while the 1D and 2D
cases are implicit.

1. Microscopic motivation

To microscopically construct the d-vector order parameter,
we first require a pairing mechanism of electrons that is in
accordance with the Pauli principle. To this end, we assume
for each electron, in addition to a spatial and spin o € {1, |}
degree of freedom, an additional pseudospin 7 € {+, —}.
Then, we can realize, in principle, an electron pairing that
is even in orbital space (s-wave), even in spin space (spin-
triplet), and odd in pseudospin space (singlet), making it
overall antisymmetric.

For example, in graphene-based systems, electrons are
endowed with an additional valley degree of freedom, t
(where {+, —} would correspond to inequivalent Dirac points
{K, K'}), which is utilized in the field of valleytronics [66,67].
Then, as pointed out in Ref. [24], the spin-triplet order pa-
rameter M = SO(3) can potentially be realized in bilayer
graphene as an s-wave, spin-triplet, valley-singlet supercon-
ductor [13-15].

We write the ground state |€2) of the spin-triplet supercon-
ductor as a coherent state via [68]

1
Q) = ——exp| [ drd- ¥'(r) [|0), El
1€2) NI P[ / ( )]I ) (ED)
where we assume a full spin polarization and a homoge-
neous order parameter d. The modulus of the order parameter
is |[d| =d and d-d =0; see Eq. (Al). Here, ¥’ is the
spin-triplet Cooper-pair creation operator and |0) is the bare
electron vacuum state. The annihilation operator is defined as

1
WE) = i, @) i) [ des e+ e2)
X Y (X = ¥/2), E2)

where v is the relative position of the two electrons and r
is the center-of-mass position of the Cooper pair. The an-
nihilation operator ¥(r) is constructed out of two electron
field operators with spin-triplet and pseudospin-singlet pairing
encoded by io, o and it,, respectively. The spatial distribution
of the Cooper pair is described by f(x), which decays over the
coherence length £. The normalization constant in Eq. (E1)
ensuring (Q2Q) =1 is given by N =[] (1 + | fc]?) with
fx = [dve ™®T f(x), where we assume inversion symmetry
S = [ [69].

Making a choice to normalize the d-vector such that
d> = V=Y 1fl?/(1 + | fkl)?, in the coherent state, the ex-
pectation value of such a Cooper-pair operator is given by

(¥(r)) =d. (E3)
To perform the calculation, we used the relation

Tr(oyoi0y0}) = 28;;. By comparing with the mean electron
number, we find

i _ % |fk|2 _ 2
DWW () = D s =t @

o,T k

Hence, we can interpret d* - d = d* as the “Cooper-pair den-
sity,” so that gd> with ¢ = —2e is the total charge density.

Furthermore, we can identify the spin density via

> §<w;,,<r)awn/fg/,r<r)> =ihd x d* = hd’s,  (E5)

oo',T

which justifies the definition of spin orientation s in Eq. (A2)
and makes s = /id? the spin density of the system.

The analogy to bosonic degrees of freedom works well
whenever the Cooper-pair operator W(r) fulfills approxi-
mately bosonic commutation relations. Performing the calcu-
lation, we find

[W;(r), ¥;(r")] = 0. (E6)

However, [W;(r), ¥/ (r)] # §;8(r — '), which is expected
as the electrons of a Cooper pair still adhere to the Pauli
exclusion principle [70]. Our strategy is to perform an average
of the commutator in the state |2) to obtain

2
5 o e
(W), W]y = ot p el =
! V2d? § 1+ |Al?
=8;;8(r — ). (E7)

Here, we identified the function 8(r), which is centered
around r = 0, has characteristic width of the coherence length
&, and is normalized via f drd(r) = 1. In the limit of vanish-
ing coherence length, we get limg_, o 5(r) = 8(r).

Now, we can assume an order parameter d(r) that spatially
varies on a coarse-grained scale &, such that 5(r) — 8(r), and
use the classical to quantum correspondence [-, -] — ii{-, -}
to obtain the desired Poisson brackets,

{di(r), d;(r')} =0,
(X (r), dy(t)) = i8,;8(r — ')/F.

(E8a)
(E8b)

While the above derivations were performed for zero tempera-
ture, we expect that upon generalization to finite temperatures
[71], the key qualitative results of Eqs. (E3)—(E8) will be
retained.

2. Phenomenological foundation

The Poisson brackets between {p,s,w} follow from
Egs. (A2) and (A3). After some straightforward algebra, we
find

{si(r), s;(r")} = € xsi8(r —x')/s, (E9a)
{wi(r), p(r)} = —qd:id(r —¥')/h, (E9b)
{wi(r), w;j(r)} = ge;x(V x w)8(r —r')/hp, (E9c)
{wi(r), s(t")} = qdis 8(r —1')/hip, (E9d)

which are derived for zero temperature, where the spin den-
sity is s = /id® and the charge density is p = gd>. Note that
Egs. (E9a) and (E9b) are fundamental. The former identifies s;
as generators of spin rotations and the latter identifies charge
density as the generator of U(1) phase rotations. Furthermore,
Eq. (E9c) encodes the Magnus force on superconducting vor-
tices and Eq. (E9d) captures spin advection by the superflow
and, thereby, the adiabatic spin-transfer torque and its Onsager
reciprocal motive force [72].

174515-10



TOPOLOGICAL HYDRODYNAMICS IN FERROMAGNETIC ...

PHYSICAL REVIEW B 113, 174515 (2026)

Due to the above physical arguments, we expect these Pois-
son brackets to qualitatively hold also for finite temperatures,
where s and p are promoted to total spin and charge densi-
ties, respectively, including both normal and superconducting
contributions. However, depending on details, there might be
slight modifications to the Poisson brackets. For example,
allowed modifications on the right-hand side of Egs. (E9)
are given by p > p—C and s — Ph(p — C)/q, where P
describes the spin polarization and C captures effects from
quasiparticles [73]. These modifications still guarantee the
Jacobi identity,

X, {X;(), X ()} + XG0, (X (), Xi(0)})
+ (X (), {X;(r), X;(x)}} = 0, (E10)

allowing for a consistent Hamiltonian theory. Besides the Ja-
cobi identity, we also require that for a theory with an SO(3)
order parameter, the Mermin-Ho relation [see Eq. (AS5)] is
dynamically maintained at all times. This necessitates P = 1,
as deviations of P from this value would violate Eq. (F18)
below.

Our phenomenology can be qualitatively extended to sys-
tems where superfluid winding w coexists with a local angular
momentum s, such that the degrees of freedom are still given
by {p,s, w}. For such systems, the Mermin-Ho relation as
presented in Eq. (AS5) can be relaxed. However, topology
would still dictate that the change in phase winding around
a loop upon passage of a full skyrmion through the loop is
given by W = 2mrn with n € Z. Under such a constraint, the
polarization P can only take on half-integer values, P € Z /2,
and the Mermin-Ho relation is modified to be (V x w), =
Pe;jxs - (9;8 x 9;8)/2. If P does not take on these values, it
would be an indication that the theory is incomplete and more
degrees of freedom beyond {p, s, w} need to be introduced to
self-consistently capture the dynamics of the system.

APPENDIX F: EQUATIONS OF MOTION

In this appendix, we derive the equations of motion for a
3D triplet superconductor, which can be written in terms of
the fields X = {p, s, w, A, E}, with the total charge density
p (per unit volume), the spin orientation field s, the super-
conducting winding density w, the magnetic vector potential
A, and the electric field E. Here, we have assumed the Weyl
gauge [74]. Once the Poisson brackets, the free energy J, and
the Rayleighian R are specified, we can use Eq. (D6) to derive
the equations of motion.

The Poisson brackets between {p,s, w} are given by
Eq. (E9), which (after taking the Weyl gauge) have to be
supplemented by the canonical Poisson bracket between A
and E,

{Ei(r),A;j(r")} = 4mcd;;8(r —1'), (F1)

to capture the electrodynamics. The remaining Poisson brack-
ets vanish.

The free energy can be phenomenologically constructed as
Flp,s, w, A, E]

2
=/ (Vs)z—yss Bt (w— LA
2 Xw hic

2 2 2

+(p £0) +B +E }

e 8

which has been written using the magnetic field B = V xA.
Here, A is the spin stiffness, y,, is the winding compressibility,
Xc 1s the charge compressibility, and y < 0 is the gyromag-
netic ratio. The connection between the free energy in Eq. (F2)
and the Ginzburg-Landau free energy for the order parameter
d is elucidated via

(F2)

44 (V— —A)d’2 A"p(v )+ Adp( - 1A>2
2 2 hic
%"(Vﬁ)z. (F3)

We find that this produces three terms which, respectively, are
analogous to the spin exchange energy, the superconducting
winding energy, and a term also referred to as “quantum
pressure” [75] that is neglected in our analysis. Generically,
we may expect that the prefactors of each of these terms are
independent phenomenological parameters, rather than being
related via A;. This results in the spin exchange coefficient A
and the effective winding compressibility x,,.

Energy dissipation is governed by the Rayleigh functional
R, which is bilinear in the velocities X,

R = /dv{—(a, )’ + [ a,( —%)T}. (F4)

The first term corresponds to Gilbert damping with damping
coefficient o and the second term describes Joule heating with
conductivity o. Now, we have all the ingredients to derive the
equations of motion.

1. Charge continuity

For the charge density p, there is one nonzero Poisson
bracket,

, [ SF SR
[ o @, w )}[ s T (r,)]
=/dv/ 80 = =L w.ay = La, )
J th ! he !
hO’ (v q A /

+7|:w‘/(r)_% ](I'):”

_ V. [L(w_ @) +ﬁ_<f(w_ @)]
hixy hic q hic

- V.(j+ob), (F5)

where in the last step, we identified the supercurrent
i= hx (w— —) and the normal current 0 £ stemming from
the total electromotive force, € = E + iw/q. The equation of

motion becomes
0hp=-V-J| (F6)

where the total currentis § = j+ o &.
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2. Landau-Lifshitz-Gilbert equation

For the spin orientation s, we have two nonzero Poisson
brackets. The first Poisson bracket generates the precession
and Gilbert damping term,

SF SR
/ dv’ (s:(r), s,-(r’)}[ }

8s;(r') + 85,(r)

SF .
B /dV’ €Sk (03(r = l~/)|:s(r’) ds;(r") * asj(r/):|
= €;jkSj(Hesr — tS)y, (F7)
where we defined the effective field,
16F A
Heyf= ——— = —V?s+ yB. (F8)
s 8s s

The second Poisson bracket generates the spin-transfer torque,

8F SR }

/ dv’ {si(r), w,(r’)}[ ; S
J

w;(r’)

1
. / AV 3]s 0 = x)3,(r)

~

=Y. vs, (F9)

P

where we have identified the total current JJ. Hence, the
Landau-Lifshitz-Gilbert equation is given by

~

8ts=steff—asx8,s—£~Vs.
0

(F10)

3. Winding continuity equation

For the winding density w, we have three nonzero Poisson
brackets. The first Poisson bracket generates a Magnus term,

a SR
/ av’ {wy(r), wj(r’)}[ }

Sw;(r') + Sw;(r)
1
= /dv’ ;eijk[v x W()]8(r — r')J; (")

1
= ;e,jk‘”j,(V X W)k. (Fll)

The second Poisson bracket generates the term

8F SR ]

/dvl {w;(r), Sj(r,)}[m + W

- f AV’ [3;5,()18(r — ©)[Har(r) — ad(r)],
— (ds))(Har — ad),, (F12)

where we have assumed full polarization, s = fip /g, in accor-
dance with the zero-temperature limit p = gd” and s = hd>.

Finally, the third Poisson bracket generates the term

) R
/ AV’ {wy(r), p(r’)}[ > }

Sp(x) — Sp(r')

_ /dV’ %[aga(r — )]

q
= _ﬁaiu, (F13)
where we have defined the chemical potential,
8F — h
p=r P h Yo g, (F14)
sp Xe
Putting it all together, the equation becomes
oW = —C—IV/L+£ X (V x w)
h p
—{s x [(Heyr — as) x s8]} - Vs, (F15)

where, for the last term, we have used that Vs is orthogonal to
s, allowing us to introduce the projection s x (... x s). Rein-
serting the Landau-Lifshitz-Gilbert equation from Eq. (F10),
we get

(F16)

It is convenient to define the emergent electric field e; = fis -
(9;s x 9;8)/q and the emergent magnetic field b; = —fice; s -
(98 x 3ks)/2q due to the spin texture, so that we can write

q

3,W:——V/,L+£X <V><w—}—i
h o

q
b |+ —e. F17
hic ) h E17)
As a next step, we implement the Mermin-Ho relation from
Eq. (AS), which can be rewritten as V x w = —%b. To see
how this relation dynamically evolves, we apply the rotation
to Eq. (F17) and obtain

0 wa—i—ib =V x ﬂ>< wa—}—ib ,
hic 0 hc

(F18)

where we used that Vxe = —d,b/c for |s| = 1. Hence, by
choosing an initial configuration of w and s that fulfills the
Mermin-Ho relation, the equations of motion guarantee that
the Mermin-Ho relation is fulfilled for all later times. Then,
we obtain the simple equation

W = %(—V,u—l—e). (F19)
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Note that the equation of motion can be rewritten as a spin-
triplet version of the first Josephson relation,

2

oj £, (F20)

- thw
where the electromotive force is € = E — Vu + e. Similarly,
the spin-triplet version of the second Josephson relation be-
comes, with Eq. (AS),

2
ij:_q_

B, (F21)
thwC

where the total effective magnetic field is givenby B = B +b.
4. Ampere’s law

For the electric field E, there is only one nonzero Poisson
bracket,

8F SR
/dV’ {Ei(r),Aj(r’)}[ ]

SA;(r)  S8A;()

=— / dV'4m8;;8(r — r’){Jj(r/) + c€ 0, [M ()]
c ’ i /
~ 17 O [€1mn0,,A,(r)]

= (—4ny —4ncV x M+ ¢V x B);, (F22)

where we defined the magnetization M = yss. Hence, the
equation becomes

GE =—4nJ+cV x (B —4nM) |. (F23)

This confirms that J is the total charge current in the sys-
tem. Furthermore, the equation for A just reproduces the
Weyl gauge, 0;A = —cE. While V - B = 0 is automatically
fulfilled, Gauss’s law V - E = 4 p has to be imposed as an
additional constraint. Finally, we can calculate the London
penetration depth A for a homogeneous spin texture s, by
applying the rotation to Eq. (F23) and inserting Eq. (F21). We
obtain

2

4mq

VB = — B, (F24)

12 2

where we assumed d,E = 0 as well as zero dissipation. This
allows the identification A = (fic/q)/ xw/47.

APPENDIX G: TOPOLOGICAL HYDRODYNAMICS

Topological hydrodynamics of phase winding in 1D spin-
triplet superconductors with static spin textures was discussed
in the second-to-last paragraph of Sec. IV. In the following
sections, we study the different flavors of topological hydro-
dynamics that arise in 2D and 3D spin-triplet superconductors.

1. Vorticity in 2D

For a 2D system, we can derive a topological continuity
equation for superconducting vorticity,

0y =12 (Vxw). (G1)

To this end, we write Eq. (F19) in 2D to obtain
ohw = —%Vu —Z X jx, (G2)

where the skyrmion flux is given by jox = s - [9;s X (z X V)s].
By applying the rotation to Eq. (G2), we immediately obtain
the continuity equation for vorticity,

0:0v = —V - Jy, (G3)

where we identified j, = jg. In fact, using the Mermin-
Ho relation (AS5) in 2D, we get o, = osx- Therefore,
Eq. (G3) implies 9,05« = —V - jsk, confirming that magnetic
skyrmions take the role of superconducting coreless vortices
in SO(3) spin-triplet superconductors. In fact, the skyrmion
charge Q = f dA gy /4w is a global Casimir invariant; see
Appendix D. The conservation is rooted in the relative ho-
motopy m[SO(3), U(1)] = Z, which makes them nonlocal
objects; see Appendix B. This nonlocality also makes them
energetically costly since an isolated skyrmion induces a su-
percurrent circulating around the skyrmion that falls off as
~1/|r|. While the magnetic exchange energy is finite and
given by the Belavin-Polyakov limit [76], the winding energy
associated with the supercurrent diverges logarithmically as
we integrate over the whole plane. In the main text, we cir-
cumvent this issue by considering a quasi-one-dimensional
system, where the energy given by the magnetic exchange and
the superconducting winding energy is finite.

2. Helicity in 3D

For a 3D system, we can derive a topological continuity
equation for the superconducting helicity density,

on=w-(Vxw), (G4

in analogy to fluid dynamics [77-79] and magnetohydro-
dynamics [80,81], where the winding w is replaced by the
velocity field v in the former case and the magnetic vector
potential A in the latter case. After some algebra, we find,
from Eq. (F19),

24% -b
don=—-V-lwxIwvp+e|-L 2 (G5
h h c

We show that the source term e -b is identically zero by
rewriting it as

2¢%-b

_TC = €;jkS - (0;S X 0;8)s - (98 X 0kS)

= € (0,5 X 9;8) - (3,8 X iS)
= 2¢€;x(0;s - 3;8)(0;8 - s) = 0. (G6)

In the second line, we have used the fact that 9;s x 9;s o¢ 9;8 X
s o s, which follows from |s| = 1. Finally, in the third line,
we use that the contraction of the symmetric term 9;s - 9;s with
the antisymmetric Levi-Civita symbol ¢;;; yields zero. Thus,
we obtain the conservation law of helicity density in 3D,

3,Qh =-V 'jhv (G7)

where j, =w X %(Vu + e). Here, the integrated super-
conducting helicity density corresponds to a topological
charge, Q) = f dv o/ 1672, rooted in the bulk homotopy,
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m3[SO(3)] = Z, known as Shankar skyrmions [82] in the su-
perfluid *He -A phase [83]. Making the projection SO(3) —
S2, wherein the triad {e;, e,, s} reduces to s, the charge Q)
counts hopfions [84,85], which are topologically protected
structures classified via 73(S?) = Z. Finally, we remark that
the term e - b can be nonzero if the magnitude of s is allowed
to vary. Therefore, the presence of magnetic hedgehog dynam-
ics [86] would spoil the conservation law since, at the core of
the hedgehog, the magnitude of s goes to zero.

APPENDIX H: STABILITY ANALYSIS

In this appendix, we analyze the stability of the spin and
superconducting winding texture of the 1D ring that occurs in
the adiabatic operation of the spin-triplet SQUID. To this end,
we rewrite the equations of motion from Eqgs. (11a)—(11c) via

0p = —0(j+0E), (Hla)
A i+ o0&

5= 25 x D% —asx 95— L %$ D5 (HID)
N

aj=-2 ¢, (Hlc)
17 Yo

where we introduced the rotated spin texture §(£,1) =
R(£)s(€,t) defined such that the ground state becomes
collinear, § = z. Here, s and p are the spin and charge den-
sity per unit length, respectively. For consistency, the partial
derivative must be replaced by the covariant derivative D,§ =
(3¢ + RI,R~")3. Next, we linearize these equations using

p, 1) > p+3p(L, 1),
§(L,t) —> §+ 884, 1),

J&, 1) — j+38jE,1). (H2)
Here, our zeroth-order ansatz is given by a constant current j,
a constant charge density p, and the spin texture § = z. After a
Fourier transform of the fluctuations, §X = (85, 83,, 46, 5p)
(effectively replacing 9,6X — —iwdX and 9,6X — ikX), we
obtain the eigenvalue equation,

w 6X(k) = Q(k) §X(k), (H3)
for the eigenmodes with frequency w. Here, the matrix Q is a
function of the wave number k, which, for the ring, only takes
discrete values k = 2rm/L with m € Z. In the following, we

discuss separately fluctuations for the regimes with collinear
and noncollinear spin texture.

1. Collinear spin texture

For the collinear spin texture, the ground state is s = z.
Hence, no rotation is required, R = [, in order to achieve

§ = s. For the fluctuations, we find

—jeME AR ek g g
Ak _jedl 4 kg
Q= ’ . g 50 r . (H4)
XeXwh?
0 0 ko —ike

Xe
From this, we obtain for the spin waves the quadratic disper-
sion

w(k) = (AK* /s + jk/p)(1 — iat),

which is Doppler shifted by the supercurrent j due to the
spin-transfer torque. For the charge and current degrees of
freedom, we obtain the linear dispersion w, = kq/h/XcXw —
ik’c /x. + O(c?). Note the caveat that a full treatment of
fluctuations in E and B would gap these modes (in accordance
with the Higgs mechanism) to w, — V@] + w,, where the
plasma frequency is given by w’ = 47 q* /I x. Hence, in
the following, we are only concerned with the low-energy
spin-wave modes.

For stability, we have to ensure that Im w(k) < 0. To satisfy
this stability condition, we find that the current can only be
increased up to

(H5)

Jj= _AET = —Kjo=—j"" (H6)
before the dispersion dips too low [see Fig. 5(a)], and the
lowest-energy mode at k = 27 /L becomes unstable. In the
second step, we have used the definitions j, = 2w q/hy, L and
k = Ay, from the main text. Once the instability is reached,
this initiates the nonsingular phase slip.

2. Noncollinear spin texture

During the nonsingular phase slip, the spin texture traces
out a skyrmion and, therefore, becomes noncollinear. This
conical spin texture is described by

sin 6 cos p(£)
sinf sing(€) |,
cosd

s() = H7)

where ¢(£) = pf and p = 2xl/L. To map the twisted texture
s({) to a collinear one, § =z, we introduce a position-
dependent rotation matrix, R(£) = R(y, —60)R(z, —¢). This
gives rise to the covariant chiral derivative,

—sinf
0 x |8.
cos 6

(H8)

In this case, the Landau-Lifshitz-Gilbert equation gives rise
to a zeroth-order condition that the spin torque must be zero,
which is ensured by

j= —A%pcos@. (HO)
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FIG. 5. Spin-wave excitation spectrum for (a) a collinear spin texture and (b) a noncollinear spin texture. In (a), once the current is lower
than j = —j™, the mode at k = 27 /L becomes unstable. In (b), the quadratic dispersion is shifted from left (green) to right (orange) as the

phase slip is carried out. We defined wy = A(27)?/L>s.

Using this relation, we obtain, for the fluctuations,

_l.otA(kz—pz sin®0)  jk AR _ajk _japsin® 0
s o s o P
AKR—p*sin®0) | ajk | okphjsin®0 .qAK>  jk oAk p*hisin® 0 . psin@ kpo sin 6
B e 7 A 1% -t =
Q= e f (H10)
pgsiné _l-OtA(k —p”sin 9)_& pgsiné l-A_kz_M _iapzqsinze kq?
hixw s P Rixw s P hixwp Xcthz
i(rkzphjsinQ o Ak3 phsin 6 k _lkz_o
ap qs Xe

Here, we find, in the limit of zero dissipation 0 = o« = 0 and
vanishing charge compressibility x. — 0, the dispersion

A
w(k) = —<pk cos 6 + /k* — p2k? sin® 9).
s

Crucially, the noncollinear texture is only stable for all values
of 6 if the spin winding is / € {0, £1}. For larger spin wind-
ings |/| > 2, we obtain Imw(k) < 0 for some k = 2mwm/L
with m € Z. In Fig. 5(b), we assume [ = 1. As the phase
slip is carried out from 6 = 0 (green) to 8 = m (orange),
the spin-wave dispersion shifts from left to right. While for
6 = m /2 (orange), the dispersion w(k) has a finite and positive
imaginary part in the range —27 /L < k < 2m /L (not shown,
but indicated by the flat real part), the imaginary part is always

(H11)

s(0)
— 5 (O /:‘
S 4

FIG. 6. Mapping of the spin texture s(£) of the ring onto a cir-
cle on the sphere, where each point on the sphere represents the
direction of s. For the nonsingular phase slip discussed in the main
text, the ring sweeps out the sphere symmetrically around the z axis
(red circles). However, the system is susceptible to fluctuations of
the spin texture from s(£) to s'(€) that can change this symmetry
axis (from red to blue circles). This is confirmed in the spin-wave
analysis, where we find a zero mode at k = 27 /L responsible for
these fluctuations.

(

zero at k = 2wm/L. We remark that the limit 6 — O [green
curve in Fig. 5(b)] does not coincide with the j = — j.x result
in the collinear case [green curve in Fig. 5(a)] because the
rotation matrices R in Appendixes H 1 and H2 differ. In fact,
the dispersions agree after shifting the wave number k by p,
which stems from the remaining twist of s(¢) at 8 = 0; see
Eq. (H7).

Including both the dissipation and compressibility again, it
is insightful to study the modes with zero frequency, w = 0.
First, we inspect the kK = 0 modes. We find that the only mode
with a nonzero imaginary part is

o
8X(k = 0) X apgsing |,
hixw
2(1 — k) sin® 0
ok = 0y = 2= K)sin" 6 (H12)

S Xw

The imaginary frequency indicates that stability is ensured for
k < 1. If k > 1, this mode corresponds to a runaway nonsin-
gular phase slip that cannot be stabilized at any time. Thus,
the noncollinear spin texture becomes unstable for « > 1.
Nevertheless, the system can still work as a SQUID with
abrupt nonsingular phase slips, as discussed in Appendix C.

Another @ = 0 mode exists for k = 2 /L if the spin wind-
ingisl = %1,

1

+il cos O
0 9
0

8X(k = £27 /L) o w(k = £27 /L) = 0.

(H13)
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These modes maintain both the skyrmion charge and the
exchange energy of the system. They merely change the sym-
metry axis of the conical spin texture, which for our ansatz
is the z axis. By mapping the spin texture s(¢) of the ring

onto circles on the sphere, where each point indicates its spin
orientation (see Fig. 6), these fluctuations rigidly slide the
circles around without deformation [from red s(£) to blue

s'(O].
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