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Topological transport of vorticity on curved magnetic membranes
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In this work, we study the transport of vorticity on curved dynamical two-dimensional magnetic membranes.

We find that topological transport can be controlled by geometrically reducing symmetries, enabling processes
absent from flat magnetic systems. To this end, the vorticity 3-current is constructed, which obeys a continuity
equation immune to local disturbances of the magnetic texture and spatiotemporal fluctuations of the membrane.
We show how electric current can manipulate vortex transport in geometrically nontrivial magnetic systems.
As an illustrative example, we propose a minimal setup that realizes an experimentally feasible energy storage
device and discuss its thermodynamic efficiency in terms of a vortexoelectric counterpart of the thermoelectric

figure of merit ZT.
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Introduction. Much progress has been made both theo-
retically and experimentally in understanding, engineering,
and driving topological magnetic textures [1-12]. This has
resulted in numerous proposals that exploit spin texture topol-
ogy for technological applications, such as domain wall and
skyrmion racetracks [13-17], energy storage [18-20], long-
range signal transport [21-29], and quantum information
processing [30-32]. The utility of these spin structures is
rooted in the metastability of topological excitations and the
variety of ways to manipulate them [4,11,33-35]. To foster
the development of these technologies, it is crucial to inno-
vate avenues to drive topological textures. Motivated by the
interplay between geometry and topology [36-38], we seek
a way to geometrically control topological transport. Previ-
ous works have investigated geometrical effects in curved
low-dimensional magnetic systems, primarily focusing on
energetic stabilization of topological spin textures [39—44].
These developments are spurred by advancements in fabrica-
tion and imaging techniques for complex magnetic structures
[43,45-47].

In this Letter, we study the transport of vorticity on
curved magnetic membranes. To this end, we demonstrate that
magnetic textures on curved membranes exhibit topological
hydrodynamics, a transport theory for vortices [48]. This is
governed by a robust continuity equation rooted in the homo-
topic properties of the magnetic order parameter space, rather
than any structural symmetries. In contrast to previous studies
focused on vortex transport in flat magnetic films [20-22,49],
this work leverages the geometry of curved magnetic films to
reduce symmetries, thereby enabling processes that are other-
wise ruled out on symmetry grounds. Notably, the chirality
of the system plays a key role in allowing electric current
to energetically bias vorticity injection on the membrane. A
potential functionality of this physics is then illustrated by an
experimentally feasible energy storage concept. Inspired by
thermoelectricity, we derive the dimensionless vortexoelectric
figure of merit Z, as the counterpart to the thermoelectric
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figure of merit ZT and discuss the thermodynamic efficiency
of the battery via this quantity.

Topological continuity equation. The magnetic membrane
is a two-dimensional orientable manifold M, parametrized by
coordinates &' and £2, with boundary M. M is embedded in
the Euclidean space R? from which it inherits the metric g;;.
At every point (¢!, £2) on M and for any time ¢, we identify a
unit normal vector n(z, £!, £2) and define unit vectors span-
ning the local tangent plane, e;(z, £l £2) and ey(r, &', £2).
The orthonormal triad {e;, e;, n} is the local frame. M may
smoothly change over time, as long as its topology remains
unchanged, i.e., M is not cut. Figure 1 depicts the simplest
case in which M is homeomorphic to a closed disk.

The U(1) gauge freedom in specifying the local frame,
corresponding to simultaneous rotations of e; and e, about
n, translates into the gauge potential [50-52]
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FIG. 1. Depiction of manifold M. The winding of the magne-
tization m (blue arrows) on the contour C (red line) determines the
vortex charge enclosed by C. The local tangent planes 7, and Ty
are shown for points p and p’, along with the local frame {e,, e,, n}.
The leftmost tangent planes depict the gauge potential .4, at point
p', which captures changes of e, and e, along &%, The inset shows
vorticity flux J being pumped transverse to a metallic wire (purple
curve) carrying electric current density j.
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which is a smooth field describing changes of the local frame
in space and time. Once the e; and e, vector fields are
specified, the gauge is fixed. The spatial component of the
gauge, A;, is the smooth connection on M, which captures
changes in e; and e, along &' [51]. The gauge-independent
field strength tensor stemming from 4, is

fp.u = 8;4AV - 8UA}L' (2)

We can invoke the Mermin-Ho relation to express the field-
strength tensor in terms of the surface normal as F,, =n-
(9,m x d,m), making apparent its gauge independence. The
“electric” component, JFg,;, vanishes for static membranes.
The “magnetic” component, F;;, relates to the Gaussian cur-
vature KC by K = Fi2/./g [51]. Here, g is the determinant of
the metric and the Levi-Civita tensor convention is €' = 1.
We make a convention in which Greek indices u =0, 1,2 <
t,E', % label spacetime coordinates and Latin indices
i=1,2 <« El, & 2 label spatial coordinates, while repeated
indices are summed over.

We assume the magnetic texture is described by a con-
tinuum coarse-grained vector field m(z, £', £2) realizing the
map M > R3 at all times ¢. This description holds over a
broad temperature range, from order to disorder. In the low-
temperature (locally) ordered phase, m is normalized by its
T = 0 value and the membrane can be either ferromagnetic
or antiferromagnetic. m is the local spin density in the former
case, whereas in the latter case, m is the local Néel order. In
the high-temperature paramagnetic regime, m may fluctuate
in both magnitude and direction. Irrespective of any local
fluctuations of m or dynamics of M, the field m exhibits
topological hydrodynamics governed by the continuity equa-
tion 9, J* = 0, where

ehvp

M’:
J 21

|:n ~(V,m x V,m) — %}'vpmﬂ, 3)

written using the gauge-covariant derivative of m,
V,m= (3,m")e, — A,(n x m). “

Here, my is the projection of m onto the local tangent plane.
TH=(TJ% J) is the gauge-independent vorticity 3-current,
where 79 is the vorticity density and J is the vorticity flux. In
the absence of curvature and membrane dynamics, the frame
can be made constant, so the vorticity 3-current reduces to
JH =€e*n - (0,m x d,m)/2m [20,22].

For flat systems, in the limit of an in-plane magnetic tex-
ture with fixed magnitude, the field homotopy defined on the
boundary dictates the conserved integer vortex charge in the
bulk [33]. Whenever a vortex is moved across the boundary,
there must be a commensurate change in the winding. Here,
the topological continuity equation generalizes these ideas for
curved systems with a magnetic texture that can traverse out
of plane and fluctuate in magnitude. In contrast, the known
skyrmion continuity equation [53] does not derive from such
a bulk-boundary correspondence. Hence, skyrmions can lo-
cally fluctuate in and out of existence if |m| is allowed to
vary [54]. The continuity equation for vorticity is rooted in
topology and is derived independently of the details of the
system, thus being immune to any structural imperfections
or anisotropies. However, the physical behavior of the system

will be highly sensitive to these details [3,55]. In this work, we
will focus on systems in which magnetic vorticity may be the
natural transport quantity. We consider magnetic membranes
with easy-surface anisotropy, namely, there is a local hard
anisotropy axis collinear with the surface normal [41,56] that
endows the magnetic texture with an XY character [3,57].
Gauge-independent topological charge. To elucidate the
bulk-boundary correspondence, we will construct the gauge-
independent vortex density in terms of the magnetic winding.
It is known that for flat magnetic films, the winding along
a curve is mﬁag¢/2n [20,22,27], with £ the arclength. Fol-
lowing this structure, the winding on curved membranes
generalizes to the gauge-covariant winding mﬁDw/Zn =
mﬁ(agtp — Ay)/2m. Here, ¢ is the polar in-(tangent)-plane
angle of m; relative to e;. For ¢ to be well defined, we
require |my| > 0 everywhere on M, except for isolated
points. Invoking the generalized Stokes theorem [36,58], the
gauge-independent topological charge on a patch S is

o= L / dE m?Dyp = f dEd2 T (5)
21 Jys s
We see that the integrated winding around the boundary 9S
equals the vorticity density integrated over S. The conserved
density 79 is derived by the exterior derivative of the winding
1-form in the leftmost integral. We expand upon this construc-
tion in the Supplemental Material [59].

Even when specializing to the strong easy-surface limit
where |mj| =1, the topological charge Q is noninteger-
valued if M has nonzero Gaussian curvature /C. In this limit,
we can evaluate Q = N — [ dSK/2x for a patch S. This
is the difference of an integer N that counts the number of
vortices on S and a geometric background offset that spoils
the discreteness of Q. N is the S! winding number connecting
Q to its homotopic roots. A similar geometry-induced offset
to the topological charge also appears when calculating the
skyrmion number on curved surfaces [60].

Torsion-enabled pumping of vorticity. Having established a
conserved topological charge, we now wish to control it. Sup-
pose we wrap a static magnetic membrane with a metallic wire
parametrized by unit tangent vector v(£), with £ the arclength,
and induce electric current flow in the wire. Following the
approach developed in Refs. [20,22], we construct a torque
acting on a smooth magnetic texture, which energetically
biases vorticity injection transverse to the wire, as depicted
in the inset of Fig. 1. This engenders the vortexoelectric
effect. To enable this process, we use the local torsion of the
wire, T(£) = v - (a x d;,a), to geometrically reduce symme-
tries [58]. The torsion is the helical winding of the principal
normal vector a({) = 9,v/|9,v| along the wire, and is zero for
curves on flat surfaces. This means that for flat magnetic sys-
tems, this process would be ruled out on symmetry grounds.
Notably, torsion is a pseudoscalar, so ¥n is a pseudovector
with identical spatial properties to magnetization which can
be substituted for M in Refs. [20,22].

The gauge-independent torque is constructed phenomeno-
logically on general symmetry grounds so that the work
done on the magnetic texture is proportional to the vortic-
ity flow across the wire. Focusing, for simplicity, on the
low-temperature limit where |m| = 1, we require a torque
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FIG. 2. Schematic of a minimal setup for geometrically con-
trolled vortex transport. A metallic wire is wrapped around a
cylindrical magnetic insulator membrane as a helix. An applied
electric current / induces vorticity flux J transverse to the wire,
resulting in vorticity current /, along z. The side panel indicates that
this system realizes a battery.

orthogonal to m. A torque (per unit length) that satisfies this
is [59]

T= g%;j(fn-m)[V¢m+n8g(n~m)]. (6)

Here, j=j-v is the electric current density, and ¢ is a
phenomenological parameter characterizing the geometry-
enabled dissipative coupling of electric and vortex dynamics.
Importantly, this torque is only permitted in the presence of
spin-orbit coupling. This reminds us of the chirality-induced
spin selectivity effect, which arises from the coupling of the
electron linear momentum to spin degrees of freedom in chiral
materials [61,62]. Furthermore, in the limit of strong spin-
orbit coupling, dimensional analysis suggests ¢ ~ iwAz /e,
where A is the Fermi wavelength, e is the positive elementary
electric charge, and w is the width of the wire.
The work done on the magnetic texture is

(SW:/dZdtr-(mxa,m):;SjSQ, 7

where §Q = fdtdﬂv -(J x n) is the vorticity flow across
the wire. The effective vortex chemical potential is u =
8W/8Q = ¢%j. In the high-temperature paramagnetic regime,
a linear relation p oc j should still hold, although thermal
fluctuations of |m| will renormalize the prefactor.

Vortex circuit elements. Figure 2 illustrates a possible setup
where torsion gives rise to pumping of vorticity. Here, a
magnetic insulating membrane (which can either be ferro- or
antiferromagnetic) of thickness % and length /,, wraps around
a cylindrical insulating core. A metal wire of width w and
thickness § wraps around the cylindrical magnetic membrane
of radius r as a uniform helix with helix angle 8. Systems with
similar geometry, in the form of rolled magnetic membranes,
have been fabricated [63]. The uniform helix has a constant
torsion ¥ = sin(26)/2r, allowing electric current flow in the
wire to drive a vorticity flux J, which we assume is transverse
to the wire. For this setup, the vortex current will flow along
the cylinder in the same direction as the electrical current flow,
irrespective of the sign of the torsion T [64].

J can be decomposed into components orthogonal and
parallel to the z axis. The former accumulates winding along
z, which may unwind at the ends of the cylinder. The latter,

on the other hand, builds up winding azimuthally, which is
energetically protected by the easy-surface anisotropy. We are
interested in the vortex current flowing in the z direction,
I, = 27 r|J|sin O, which is driven by the vortex motive force
IR generated by the electric current. Here,

é‘ ‘:zlﬂ'l

- 2rrwd

tan 6 ®)

is the vortexoelectric drag coefficient, which can be under-
stood as the analog to the Seebeck coefficient [59]. Different
from our previous works on energy storage using topological
spin textures [19,20], $R is unique to the nontrivial geometry
of this setup and is absent from flat counterparts. Upon sub-
stitution of T = sin(20)/2r, we find R o« sin® §. In the linear
response, I, « R, so = 7 /2 maximizes the vorticity flow.
The membrane behaves like a series R,C, circuit in re-
sponse to nonzero vortex flow, exhibiting an effective vortex
resistance R, and effective winding capacitance C,. As dic-
tated by the bulk-boundary correspondence, the vortex current
“winds up” the magnetic texture, thereby storing exchange
energy. The stiffness of the magnetic texture engenders C,.
On the other hand, R, can arise due to Gilbert damping,
defects, and vortex-antivortex collisions. Following Ref. [20],
we estimate C, and R, by exploiting the duality between the
XY magnet and two-dimensional electrostatics [57]. We find

_1 r . 1 1,
T A2nhl,’ "o, 2y’

where o, is the vortex resistivity and A is the magnetic
stiffness [59]. With the circuit elements ‘R, R,, and C, in hand,
we set out to construct topological circuits [20].

Coupled topological circuits. The setup we have been dis-
cussing can be described by coupled vorticity and electric
circuits, which are depicted in Fig. 3. The applied electric
current / in the wire supplies an effective vortex motive force
IR to the vorticity circuit. This results in buildup of winding
and an effective vortex voltage V, = —Q/C,. The backaction
of vortex dynamics on the electrical response induces an elec-
tromotive force IR on the electric circuit, which is written
down by invoking Onsager reciprocity. Note that, like ordi-
nary charge, vorticity is even under time reversal. Kirchhoff’s
law for the coupled electrical and vorticity circuits is thus

14 R+LL  —R\(I
0)-(r3 ) ™

Here, V is the electric voltage, L is the self-inductance, and R
is the electrical resistance. The resistance matrix is symmet-
ric as dictated by Onsager reciprocity, and positive-definite
according to the second law of thermodynamics [65,66].
The latter constraint enforces 0 < £ < 1, where & = R%/RR,
parametrizes the relative strength of the off-diagonal to the
diagonal elements of the resistance matrix.
Fourier-transforming Eq. (10) into the frequency domain,
we find the effective impedance is
V(w) . iwC,R?
Z(w)y= ——=R+iwlL — ———.
I(w) 1+ iwCyR,
Similar to conventional RC circuits, here, 7 =R,C, =
(4m?Aho,)”! is the timescale for loading and discharging
vortices from the magnetic texture. In the high-frequency
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FIG. 3. Schematic of the vorticity (blue) and electric (red) cir-
cuits, which are coupled through R (purple). R gives rise to an
effective vortex motive force IR on the vorticity circuit and, recip-
rocally, an electromotive force /,9R on the electrical response. R, is
tunable, allowing switching between vortex conducting and insulat-
ing regimes. The side panel depicts setups for positive and negative
T, with both electrical and vortex currents flowing downward.

regime, w >> 1/7, the last term in Eq. (11) approximates
—9R?/R,. The vorticity circuit reduces the effective resis-
tance of the electrical circuit. In the low-frequency limit,
o K 1/7, the vorticity circuit acts like an inductor with
effective negative inductance L, = —C,93°. Impedance mea-
surements of the circuit in the low-frequency regime could
pave a way to probe the strength of the coupling be-
tween vortex and charge currents. Similar impedance mea-
surements on helical-spin magnets have been performed
to characterize the current-driven dynamics of spin-helix
structures [67].

Energy storage and efficiency. In addition to providing
a means to measure ¢, the setup depicted in Fig. 2 may
also function as a battery. Operation of the battery requires
a mechanism to switch the vortex conductivity between the
conducting and insulating regimes, allowing the battery to al-
ternate between (dis)charging and storing energy, respectively.
The vortex transport parameters could be very sensitive and
may be modulated, for example, by heating and cooling the
magnet [20,57].

To charge the battery, we electrically bias vortex flow
along z, building up azimuthal spin winding so the mag-
net accumulates exchange energy. Discharging the battery
is the reverse process wherein a vortex current induces an
electromotive force on the electric circuit, which we may
extract as energy. We store the exchange energy by lower-
ing the vortex conductivity, so vortex transport parameters
enter the insulating regime. Once in the insulating regime,
the Landau criterion governs the amount of winding we
can stabilize since the magnetic bulk cannot host an ar-
bitrarily sharp texture [19,68]. The easy-surface anisotropy
(~K) protects the topological spin texture by energetically
preventing “phase-slip” events during which the magnetic
order parameter unwinds [69]. Thus, easy-surface anisotropy
determines the maximal energy storage capacity, which satu-
rates when winding texture energy [~A (Dg(p)z] is comparable
to K.

The charging and discharging efficiencies may be used to
characterize the battery. In the vortex conducting regime, we
charge the battery relative to its ground state by supplying
a dc electric current Iy for duration r. By tuning R,, we

can switch to the vortex insulating regime to store the en-
ergy in the winding capacitor. The charging efficiency 7, is
the ratio of the stored energy to the total energy supplied
by the electric circuit. We extract the stored energy by con-
necting the battery to a load resistor Ry, then switching back
to the vortex conducting regime to discharge. The discharging
efficiency 5, is the ratio of energy consumed by R; to the
energy leaving the winding capacitor.
Neglecting the self-inductance L, the efficiencies are

I
T Ey

written with y = R, /(R + R) and Z, =& /(1 — &), where
£ = R?/RR,. Here, we define the vortexoelectric figure of
merit Z, by analogy to the thermoelectric figure of merit
ZT [70-72]. Whereas for the thermoelectric effect, heat
and charge currents are coupled, in this setting, we cross-
couple vortex and electric currents. Since Z, is a monotonic
function of &, optimizing the system geometry to maximize
&~ adwk% sin* 0 cos O /hr38 maximizes Z, and, hence, the
efficiencies. Here, d is the electron mean free path and a is
the lattice spacing. Z, is improved by decreasing r, thinning
the membrane and the metal wire by decreasing é and A, or
enlarging the metal-magnet interface by increasing w. The
optimal helix angle is 6 &~ 63°, which balances maximizing
I, and minimizing energy lost due to Joule heating. In the
maximal efficiency limit, Z, — oo, the efficiencies simplify
to . = (e — 1)?/2e and ny = 1 — y for (dis)charging times
of + = . Furthermore, in the short charging time limit of
t/T — 0, while still having Z, — o0, the charging efficiency
saturates as . — 1.

Discussion. In this work, we developed topological hydro-
dynamics for vortices on curved membranes and proposed
an avenue to use geometric properties of the system, in par-
ticular chirality, as a tunable handle to bias vortex transport.
To achieve this, we phenomenologically introduced a torque
that uses geometric torsion to enable electric current-induced
vortex pumping. With these building blocks, we analyzed a
minimal setup which is described by an effective coupled
electrical-vorticity circuit and realizes a feasible energy stor-
age concept. We derive the vortexoelectric figure of merit
Z, and use this quantity to characterize the thermodynamic
efficiency of the battery.

For future works, we may extend our formalism to man-
ifolds with different topologies, such as the Mobius strip.
These setups may potentially be achieved by modern fabri-
cation techniques, which have been employed to manufacture
complex magnetic structures [44,63,73,74]. It is important to
note that the topological continuity equation we formulated
applies not only to magnetic systems but also more broadly
to any system with a vectorial order parameter. In particular,
these concepts can be directly applied to describe the transport
of nematic disclinations in liquid crystals, a topic of much
recent interest [75—80]. Another possible direction would be
to expand beyond vortex circuit elements and develop logic
elements based on this physics.
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